High cycle fatigue (HCF) performance of turbine engine components has been known for decades to benefit from compressive surface residual stresses introduced through shot peening. However, credit for the fatigue benefits of shot peening has not been taken into account in the design of components. Rather shot peening has been used primarily to safe guard against HCF damage initiation. Recently, laser shock processing (LSP) and low plasticity burnishing (LPB) have been shown to provide spectacular fatigue and damage tolerance improvement by introducing deep (through-thickness) compression in critical areas. Until now, the fatigue benefits of these new surface treatments have been introduced during repair to improve an existing design. The present paper describes a design methodology and testing protocol * to take appropriate credit for the introduction of beneficial residual stresses into a component design to achieve optimal fatigue performance.
INTRODUCTION
The benefits of residual compressive stresses to enhance fatigue strength in metallic components have long been recognized. [1] [2] [3] [4] Many engineering components have been shotpeened or cold worked with fatigue strength enhancement as the primary objective. Beneficial surface compression may also be achieved as a by-product of a surface hardening treatment like carburizing/nitriding. Over the last decade, new surface treatments like LPB, 5 LSP, 6 and ultrasonic peening have emerged. All of these surface treatment methods have been shown to benefit fatigue prone components to different degrees.
LPB has been demonstrated to provide a deep, thermally and mechanically stable, surface layer of high magnitude compression in aluminum, titanium, nickel based alloys and steels. Thermal and mechanical stability are obtained when deep compression is achieved with minimal cold work of the surface. The deep stable compressive residual stress state on the surface of these materials has been shown to be effective in mitigating fatigue damage due to foreign object damage (FOD), [7] [8] [9] fretting, [10] [11] and pitting/corrosion. [12] [13] [14] [15] Since shot peening yields only a shallow layer of surface compression (< 0.25 mm deep), and can relax rapidly in service, no design credit for the beneficial compression is generally taken. The fatigue community has generally used shot peening only for an additional safety margin and not as a design methodology. In contrast, the new surface treatment processes have enabled imparting deeper stable compressive residual stress layers, thus mitigating the adverse effects of defects, cracks and pits. Through processes like LPB and LSP, compressive residual stresses are imparted on component surfaces to a depth greater than 1 mm. This enables complete mitigation of FOD, domestic object damage (DOD), and other surface damage including fretting, and corrosion pitting. In most cases, the fatigue performance of the virgin material is completely restored even in the presence of such defects. In the absence of compressive residual stresses, the allowable damage is generally limited to a notch severity factor (k t ) of 3. In most engineering structural materials this design constraint leads to low allowable design stresses, and consequently use of much thicker sections.
A comprehensive approach to designing structures by taking specific design credit for surface compressive residual stresses is yet to be developed. Complete mitigation of FOD, pitting, fretting and erosion damage is possible with welldesigned residual stress distributions. Additional factors including compensatory tension in the structure, part distortion and dimensional tolerance, must be taken into account in the design process. This paper proposes such a residual stress design approach with a specific case study of HCF behavior of feature specimens designed to simulate the stress conditions existing in an aircraft engine first stage compressor vane.
STRESS-LIFE ANALYSIS
The constant life diagram for illustrating the effects of mean stresses on HCF fatigue life, commonly known as the Haigh diagram 16 is schematically shown in Figure 1 . This is a map of the maximum and minimum stresses for constant cyclic lives, such as 10 4 , 10 5 , 10 6 , 10 7 cycles, plotted as solid curves for a given material in fatigue. The fatigue stresses (σ max and σ min ) are usually normalized with respect to the tensile strength of the material. It is customary to show the normalized mean stress and alternating stress axes in the same diagram, and the fatigue test results presented in this diagram are bound by these two axes. The Haigh diagram, a convenient graphical representation to show the effects of mean stress, is drawn based upon fatigue test results. Effects of fatigue notch severity factor (k f = unnotched σ e /notched σ e ) are plotted as dotted lines based upon experimental results. Although Haigh's fatigue tests included compressive mean stresses, the Haigh diagrams shown subsequently in the fatigue literature did not generally include this range.
Most predictive methods like the Goodman, Gerber and Soderberg diagrams are derivatives of the Haigh diagram shown schematically in Figure 2 , and are plots of stress amplitudes plotted against mean stress. The equations that describes these lines are:
σ a = σ e {1 -(σ m / σ UTS ) 2 } Gerber equation [3] where σ a is the allowable alternating stress, σ e is the fully reversed fatigue strength at R (σ min /σ max ) = -1, and σ m is the mean stress at which the allowable alternating stress is determined. Thus, these predictive models are essentially lines between experimentally determined fatigue strength in fully reversed cyclic loading condition (R = -1) for a predetermined cyclic life (say, 10 7 cycles), and yield or tensile strength of the material. Experimental investigations of the effect of compressive mean stresses were attempted in the 1950s and 1960s with varying success. Most of these researchers acknowledged the difficulties with specimen alignment in their fatigue tests and therefore, the use of this data for purposes of extending the Haigh diagram or the Goodman line into the compressive mean stress region was not seriously considered. However, in one of the early attempts, O'Connor and Morrison 17 showed the construction of a diagram with a triangular bounding region to indicate the limits of applied stresses, in both the tensile and compressive mean stress regions. Fatigue test results were summarized in a triangle (shown in Figure 3 ) with the three corners represented by the mean stress ranging from compressive yield to tensile yield strength, and the alternating stress ranging from zero to the yield strength of the material (for Ni-Cr-Mo alloy carbon steel). The implications are that the boundaries set by the triangle are indeed the limit to which stresses may be applied, without yielding, under any circumstance. Fatigue strength data plotted in this space further bounds the upper limits of allowable mean and cyclic stresses. Due to limitations mentioned earlier in experimental verification of fatigue behavior under high compressive mean stresses, neither the Haigh, nor the Goodman representations of fatigue diagrams have been reliably used to predict the fatigue performance under loading conditions of R < -1, i.e., with compressive mean stresses. Engineering applications where compressive mean stresses occur as part of the applied stresses are rare. Therefore, other than for academic curiosity, there has not been a serious need for fatigue predictions under compressive mean loads.
With the recognition of the potential benefits of surface treatment processes, there is now a need for predicting fatigue behavior with compressive mean stresses. In the following section, application of a simple stress-strain function to unify available HCF data for different R-ratios and k values is developed. The resulting Fatigue Diagram is a modified Haigh Diagram that includes compressive mean stresses. This Fatigue Diagram enables (a) prediction of fatigue behavior in the presence of damage, (b) prediction of fatigue behavior in the presence of both damage and residual stresses, and (c) more importantly, provides a design guideline to determine the compressive residual stresses needed to achieve a target damage tolerance.
MODEL DEVELOPMENT
Smith et al 18 suggested a single stress-strain function, ( σ max ε alt E) = constant [4] to combine the effects of mean stress and alternating stresses. This function, when plotted against log(N f ), was demonstrated to effectively unify the fatigue results for tensile and compressive mean stresses for SAE1015 steel, 2024-T4 Al alloy, SAE4340 steel and 24S-T3 Al alloy. Assuming that elasticity conditions dominate high cycle fatigue (and therefore ε alt E = σ alt ,) Fuchs and Stephens 19 considered application of the stress function, ( σ max σ alt ) = constant [5] in place of the stress-strain function. Additionally, considering Neuber's rule 20 can include the effect of notches,
where σ and ε represent the notch root stress and strain, while S and e represent the nominal stress and strain, and k t is the tensile notch severity factor (commonly known as the stress concentration factor, = notch root stress / nominal average stress). Equations 4, 5 and 6 lead to a new stress function k f (S max S alt ) = constant [7] where k f is the fatigue notch severity factor (= smooth bar fatigue strength / notched bar fatigue strength.) Since S max = S mean + S alt , the unifying stress function including the notch effects can be written as k f 2 (S mean + S alt )S alt = constant [8] In the limiting case of k f = 1 and S mean = 0, the constant is simply S e 2 , where S e is the nominal fatigue strength (say, at a 20 indicates, k f < k t . Based on the above analysis, it is possible to theoretically construct a series of Haigh diagrams (modified Smith lines) for various k f values, simply based on a single fatigue strength value, S e for the material. Further, the series of lines when plotted within the bounds of O'Connor and Morrison's yield strength triangle, can provide engineering design limits. Fuchs and Stephens, when plotting this triangle, chose to use the cyclic yield stress for the maximum allowable alternating stress (apex of the triangle). For the purpose of this discussion, differences between the two choices are insignificant, since the locations of the relevant boundaries of interest are only marginally affected. The Fatigue Diagram in Figure 4 illustrates this analysis for Ti-6Al-4V, as a plot of S alt vs S mean , with the yield strength triangle indicating the elastic limits. Fatigue strength data from Aerospace Structural Metals Handbook 21 for k t values of 1 and 2.82 are plotted for R-ratios of -1, 0 and 0.5. Four-point bending fatigue results from tests conducted by the authors are also plotted. For the sake of reference, constant R-ratio lines for R = 0.1, R = -1 and R = -∞ are also plotted.
Goodman lines for k f = 1 and 3 were constructed using the fatigue strength value at R = -1 and true fracture strength value from the Aerospace Structural Metals Handbook. Similarly, the modified Smith lines are plotted using the above equation and the single fatigue strength value, S e at an R-ratio of -1 for the smooth bar, taken from the Aerospace Structural Metals Handbook. The modified Smith line for k f = 2 shows a substantial debit in fatigue performance. The lines for k f = 3 and beyond practically converge in both the compressive and tensile mean stress regimes. For k f ≥ 5, and for the limiting notch condition (k f approaching ∞), the modified Smith line coincides with R = -∞ in the compressive mean stress region and shows practically no allowable alternating stress in the tensile mean stress regime. Within the triangular region marked "SAFE" in the Fatigue Diagram, to the left of R = -∞ (k f = ∞) line, the part is always in a fully compressed state. If the assumption that fatigue damage is not possible in the absence of tensile stresses is valid, then no fatigue damage is possible in this region.
For the sake of completeness, additional data from the HCF annual Report Section 2.2 22 are shown in Figure 5 . As seen in this figure, there is general agreement between different sources of fatigue data in the mean stress regime corresponding to Rratios of 0 and above, while in the mean stress regime with Rratios < 0, there is some significant scatter in the data, and the modified Smith line under-predicts the reported fatigue strength. 
PREDICTION METHOD
In using this Fatigue Diagram for design purposes, only the stresses in the region where fatigue damage initiation happens are of interest. For example, if the fatigue crack initiates from surface damage then local stresses in the affected region are of interest, including the immediate sub-surface region.
The knowledge of the fatigue loads (including R-ratio) and the target depth of required damage protection (say, 0.020 in. deep FOD, or a 0.005 in. deep corrosion pit) are needed to design the depth and magnitude of the appropriate surface residual compressive layer. If no depth of damage protection is specified, the maximum achievable depth of damage protection analysis may be calculated for a given residual stress field. In this section, a hypothetical case is discussed with the help of a magnified section of the Fatigue Diagram from Figure  6a . Let us assume that the component is subjected to fatigue loading at an R-ratio of 0.1. Modified Smith line for k f = 1 (no surface defects) predicts a nominal mean stress of 44 ksi and a nominal alternating stress of 36 ksi (Point A). In the presence of defects (at k f = 3), these values drop to about 15.4 and 12.6 ksi, respectively (Point B). In order to achieve full mitigation of the fatigue debit in the presence of the k f = 3 defect, the surface stress condition must be moved along the k f = 3 modified Smith line up to point C. The difference in the mean stress of Point C with respect to Point B (i.e., the distance BD) represents the amount of surface compressive residual stress needed at the bottom of the notch to fully mitigate the defective surface condition.
In a second example, let us consider a fatigue loading condition of R = -1. Under this condition, (Point A in Figure  6b ) the modified Smith line for k f = 1 (smooth surface) predicts a S alt of 54 ksi with a zero mean stress. For a limiting FOD condition of k f = ∞, corresponding to even a modest size crack or notch, literally the fatigue strength falls to zero (Point B 6b). In order to achieve full mitigation for this condition, the surface (especially the FOD notch tip or crack tip) condition must be moved along the k f = ∞ modified Smith line to point C. Again, the difference in the mean stress of Point C with respect to Point B (i.e., the distance BD) represents the amount of surface compressive residual stress that must exist in the region covering the tip of the defect or crack to fully mitigate the fatigue debit.
CASE STUDY OF MITIGATING FOD IN VANE-EDGE SIMULATION FEATURE SPECIMENS
The following examples are taken from a study involving the HCF of vane-edge specimens, designed to simulate the fatigue conditions experienced by the trailing edge of a 1 st stage compressor vane in a turbine engine. Figures 7(a) and (b) show two specimen designs for HCF testing at R-ratios of 0.1 and -1, respectively. All HCF tests were run in a Sonntag SF-1U fatigue machine with constant amplitude sinusoidal loading at 30 Hz and room temperature.
The Edges of these specimens were LPB treated to impart compressive residual stresses. Residual stresses were measured by X-ray diffraction methods and the results are plotted in Figure 8 . This figure shows the full residual stress map as a function of distance (chord-wise) from the edge of the specimen. The mid-thickness is the least compressive site of fatigue initiation, and is, therefore, of primary importance for design analysis. In Figure 8 , the residual stress measurements were not limited only to the LPB treated region instead a full stress map is made to include the compensatory tension that ensues in regions behind the LPB processed regions. As seen in this figure, the maximum magnitude of compensatory tensile stresses (~ 32 ksi) are seen in the mid plane of the specimen just below the LPB processed region. Compensatory tensile stresses near the surface are lower. A more detailed discussion to incorporate the compensatory tension in the design is presented later in this paper. Figure 9 shows the HCF test results in the form of S-N plots. In the presence of 0.020 in. FOD, the fatigue strengths at R-ratios of 0.1 and -1 are 10 and 15 ksi, respectively. None of the LPB treated specimens with FOD of 0.020 in. depth, tested at either R-ratio failed from FOD. Most specimens failed by sub-surface crack initiation from the mid-plane, as shown in Figure 10 , indicating that the compression from LPB treatment mitigated the adverse effects of FOD. Further, in the absence of premature failure from compensatory tension in the sub-surface regions, an estimate of the surface initiated fatigue strength for LPB treated specimens with a 0.020 in. FOD at R = 0.1 was 110 ksi, and at R = -1, nominally 60 ksi. When plotted on the Fatigue Diagrams (Points B), shown in Figures 11a and 11b , the data points corresponded to a fatigue notch severity factor, k f of 10 and 3.4 for R-ratios of 0.1 and -1, respectively. This difference in the k f between the Rratios for the same notch size may be attributed to the fatigue cycling conditions (tension-tension for R = 0.1, and tensioncompression for R = -1). Now, based on the knowledge of the mid-thickness compressive residual stresses from the LPB process at the tip of the 0.020 in. deep FOD, namely, -60 ksi, points B can be translated to points C along the respective modified Smith lines. Position C in Figures 11a and 12a represent the actual combined (residual plus applied) stress state at the tip of the FOD. The applied stresses for the corresponding FOD tip stresses are represented by points E, which represents the predicted performance of these specimens. The estimated fatigue strengths of 110 ksi (for R = 0.1) and 60 ksi (for R = -1), in the absence of compensatory tension, are plotted in Figures 11a and 11b as points F (Actual). It is evident from Figures 11a and 11b that there is reasonable agreement between the predicted and actual data. tension in the sub-surface region (32 ksi) is accounted for by translating this point along the k f = 1 line to pint C. Since the overall specimen is at an R-ratio of 0.1 and -1, respectively in Figures 12a and 12b , the points are translated to point E, which is the predicted fatigue strength under these conditions. Actual fatigue strengths measured experimentally, are marked by points F in Figures 12a and b . It is evident from Figures 12a and 12b that the predicted fatigue strengths are lower than the predictions from 11a and 11b, confirmed by the observation of sub-surface crack initiation. In the absence of the LPB treatment, due to the presence of the 0.020 in. FOD, the fatigue strengths of the specimens were found to be corresponding to the points X in Figures 12a and 12b . Even with the sub-surface crack initiation from the region with compensatory tension in the structure, the fatigue strengths of the specimens with LPB treatments were better by a factor of 3 and 5 times for R = -1 and R = 0.1, respectively as compared to the specimens without treatment. The small differences between predictions and actual results may be attributed to cumulative statistical scatter in both the residual stress measurements and fatigue test data. Further analyses in Ti-6Al-4V and other alloy systems are currently under way to further validate this predictive design procedure.
WEIGHT SAVINGS AND OTHER DESIGN ISSUES
The Fatigue Design Diagram analysis is presented in this paper mainly as a means of introducing compressive residual stress into the component design for the purpose of mitigating damage that may occur in service. However, this design method has the potential to provide significant material weight and cost savings, if used in the early stages of the design. As a simple example, let us consider a plate with a hole in the center loaded in tension with some superimposed vibratory stresses, say, at an R-ratio of 0.7. The allowable stress is the net section stress adjusted for the tensile notch severity factor, k t (or fatigue notch severity factor, k f) of 3. For Ti-6Al-4V, the upper limit of the yield strength is nominally 172 ksi (1186 MPa), so a k t of 3 reduces the maximum applied stress to 57 ksi (393 MPa).
The fatigue strength in the absence of the hole is represented by S max = 143 ksi (985 MPa), and in the presence of a hole (k f = 3) is reduced to, S max = 47 ksi (324 MPa). Correspondingly, the plate thickness would have to be tripled to meet design requirements. However, the introduction of a compressive residual stress of -50 ksi (-345 MPa) around the hole will restore the full fatigue strength. This is illustrated using the Fatigue Design Diagram in Figure 13 . Points A, B, and C, represent the original fatigue strength, the loss of fatigue strength due to introducing a hole, and the increase in the allowed alternating stress due to introducing the -50 ksi compressive residual stress to restore the original fatigue strength, respectively. Taking full credit for the residual stress introduced in design saves nearly two-thirds of the material weight and cost. 
SUMMARY AND CONCLUSIONS
In summary, a design method based on a modified Smith model for unifying high cycle fatigue data for various conditions of R-ratio and fatigue notch severity factor (k f ) has been developed. A Fatigue Design Diagram (modified Haigh Diagram) -a map of mean stress vs. alternating stress to include both tensile and compressive mean stress regions, has been developed that allows accurate prediction of the effects of both compressive and tensile residual stresses on the high cycle fatigue performance of Ti-6Al-4V. A series of modified Smith lines for various k f values to account for notch severity allows the prediction of fatigue safe zones. This in turn leads to the identification of the stress conditions for optimum and maximum fatigue benefits, including residual stresses.
Using the Fatigue Design Diagram, a design methodology to incorporate surface compressive residual stresses imparted through various surface treatments has been developed that allows the fatigue effects of the residual stresses present in the component to be included in the overall fatigue design. The method was validated through experimental results. This predictive methodology further reveals that deeper, higher compressive residual stresses may not always be useful in mitigating fatigue, because compensatory tension in other parts of the structure could play a crucial role in determining the ultimate benefits derived from the introduction of compressive residual stresses. Therefore, the full effects of surface enhancement methods, including equilibrating tension, must be evaluated in order to take credit for residual compression in design.
